Even if the numerical simulation of the unsteady viscous Burgers' equation is well documented in the literature, a detailed literature survey indicates that there is still gaps exists for comparative investigation regarding the effect of Hopf-Cole transformation on the efficiency and accuracy of schemes. In this paper, a comparative numerical investigation of Burgers' equation is presented based on two different approaches. Hopf-Cole transformation is implemented on this equation and then solved by modified Keller box scheme. We sketch a new implicit scheme with second order accuracy in space and time, which is proposed to solve Burgers' equation without using Hopf-Cole transformation. Numerical results of two test problems, which are calculated for various values of kinematic viscosity and time steps, are found to be matching with the exact solution. The new implicit box scheme is proved to be more accurate than the modified Keller box scheme with Hopf-Cole transformation based on L 2 and L ∞ errors.
Introduction
It is necessary to have deep understanding about the mechanism of fluid flow through a pipe, as it is extensively used in advanced engineering systems, industry and our day-to-day life. In human body the blood is flowing continuously through the arteries and veins. All the modern biomedical instruments like artificial hearts and dialysis systems work on the basis of fluid flow through pipes. In refrigeration and air conditioning application, refrigerants are flowing through pipes. On a broader scale, flow through pipes play an important role in the design and analysis of engineering systems. Burgers' equation which can be used to study the flow through pipes is an important model. The Navier-Stokes equation is considered to be a cornerstone in fluid mechanics which, when expressed in its originality is a set of unsteady, nonlinear, second-order partial differential equations. Burgers' equation whose exact solution is well-known, can be considered as a simplified form of the one-dimensional Navier-Stokes equation. Burgers' model is suitable for the analysis in gas dynamics, shock wave theory, cosmology and traffic flow (Collier et al., 2013; Dhawan et al., 2012; Kardar et al., 1986; Molchanov et al., 1997; Molchanov et al., 1995; Shandarin and Zeldovich, 1989; Vergassola et al., 1994) . The application of this model in various similar important fields, always require the solution of basic Burgers' equation. In 1915 , Harry Bateman (1882 -1946 , an English mathematician, introduced the following equation in his paper along with its corresponding initial and boundary conditions given by equations (1) to (3).
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where u, x, t and ν are the velocity, spatial coordinate, time and kinematic viscosity, respectively. The ψ, ζ 1 and ζ 2 are prescribed functions of variables depending upon the specific conditions for the problem to be solved. Later in 1948, Johannes Martinus Burgers (1895 Burgers ( -1981 (Burgers, 1939 (Burgers, , 1948 Nieuwstadt and Steketee, 1995) , a Dutch physicist, explained the mathematical modelling of turbulence with the help of equation (1 Julian David Cole (1925 Cole ( -1999 (Cole, 1951) and E. Hopf (1902 Hopf ( -1983 (Hopf, 1950) independently introduced a transformation to convert Burgers' equation into a linear heat equation and solved exactly for an arbitrary initial condition. Hence, the transformation is famously known as Hopf-Cole transformation given by equation (4).
where, θ satisfy the heat equation
Benton and Platman (1972) Bakodah (2011) used MOL semi-discretisation approach to transform partial differential equations into a system of first order linear ordinary differential equations. The main contribution by Bakodah was the use of 7-point formula in MOL for solving Burgers' equation with arbitrary initial conditions. MOL is used by various authors to solve the system of ODE and PDE (Kurtz et al., 1977; Oymak and Selcuk, 1996; Rothe, 1930; Shampine, 1994; Shu, 1988; Spiteri and Ruuth, 2002) . Burns et al. (1998) Gulsu (2006) whose accuracy was demonstrated by the two test problem. The structure of this paper includes Section 2 which gives details of proposed difference scheme for Burgers' equation. This section is split into two parts; an implicit box scheme with Hopf-Cole transformation and the proposed implicit scheme without Hopf-Cole transformation. To obtain the finite difference solution of Burgers' equation, the differential equation at each node is replaced by a difference equation. After considering boundary conditions in the difference equations, the resulting algebraic system of equations is solved. In Section 3, the accuracy of the proposed scheme is verified by performing several numerical experiments and calculating L 2 and L ∞ errors. Section 4 contains results and discussion of numerical experiments performed with test examples. Conclusions arrived based on the presented work are elaborated in Section 5.
Difference scheme
The solution domain is discretised with uniform meshes. The space interval [0, 1] is divided into N equal subintervals. The time interval [0, τ] is divided into M equal sub-intervals. Assuming Δx = 1/N as the mesh width in space and x i is set as x i = iΔx for i = 0, 1, …, N. Assuming Δt = τ/M as the mesh width in time and t n is set as t n = nΔt for n = 0, 1, …, M.
Implicit box scheme with Hopf-Cole transformation
By using Hop-Cole transformation Burgers' equation is converted to heat equation (Kadalbajoo and Awasthi, 2006) which is then solved with the help of modified Keller box method (Bonkile et al., 2015) . In Keller box scheme (Keller, 1970) , second and higher derivatives of parabolic partial differential equation are replaced by first derivatives through the introduction of additional variables which result in a system of first-order equations. Equation (5) is written as a system of two first-order equations:
We use central differences about 1 1 ( , ), 2 2 i n − + making use of four points at the corners of a 'box' [ Figure 1(a) ]. The resulting difference equations for equations (6) and (7) are
The discretised terms containing subscript or superscript 1 2 in equations (8) and (9) 
Averaged expressions (10) and (11) are substituted into equations (8) and (9). The resulting difference equations become
In equations (12) and (13) T's can be express in terms of θ's. Substituting equation (12) into equation (13),
is eliminated. Equation (12) is evaluated at time level n to eliminate 1 .
( 1 4 ) Equations (12) and (13) are rewritten with the i index advanced by 1.
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( 1 6 ) To eliminate (15) is simply substituted into equation (16). The result is ( ) ( )
Adding equations (14) and (17), we have
Equation (18) can be written in tridiagonal form as
where, . .
The approximate solution of Burgers' equation (1) in terms of the approximate solution of heat equation by using the Hopf-Cole transformation (4) is given by
Implicit scheme without Hopf-Cole transformation
In this approach, an implicit scheme similar to box method is directly implemented to nonlinear Burgers' equation. In equation (1), let us substitute
We use central differences about
The resulting difference equations for equations (25) and (26) are
The discretised terms containing subscript or superscript 1 2 in equations (27) and (28) are defined as averages, for example,
After substituting average equations (29) and (30) into equations (25) and (26), the resulting difference equations are
is eliminated from equation (32) 
Adding equations (33) and (36), the rearranged final expression is
Equation ( After assembling the entire system of equations and applying boundary conditions, the general matrix form is Fu = D. Where F is a tridiagonal matrix of order (N -2) × (N -2), D and u are the vectors. 
where i u + represent the numerical solution at node i.
Example 1: Burgers' equation (1) with initial condition and homogeneous boundary conditions
By using Hopf-Cole transformation (4), equation (1) is transformed to the linear heat equation (5) with initial condition (44) and boundary conditions (45)
Example 2: Burgers' equation (1) with the following initial condition and boundary conditions
By using Hopf-Cole transformation (4), equation (1) is transformed to linear heat equation (5) with initial condition and boundary conditions 3 2 1 4 ( , 0) exp 2 , 0 1 2 3
Exact solution was elaborated by Kadalbajoo and Awasthi (2006) for both Examples 1 and 2.
Results and discussion
Burgers Computed results for both the schemes are illustrated in Tables 9 and 10 for test example 1. In Table 9 , numerical solution computed with and without Hopf-Cole transformation is compared with the exact solution for ν = 1 and Δt = 0.0001 at different space points. Table 10 includes comparison of numerical solution with the exact solution for ν = 10 and Δt = 0.00001 at different space points. For test example 2, numerical solutions calculated by using both the schemes are shown in Tables 11 and 12 . In Table 11 , numerical solution computed with and without Hopf-Cole transformation is compared with exact solution for ν = 1 and Δt = 0.0001. Whereas in Table 12 , numerical solutions is compared with exact solution for ν = 10 and Δt = 0.00001. From Tables 9 to   12 , it is observed that the numerical solutions are in good agreement with exact solutions. These results show that the scheme is consistent and accurate of order two in both space and time. In order to show the physical behaviour of the given problem, surface plots of the computed solutions are shown in Figures 6 to 9 for distinct values of ν and Δt. Figure 8 for ν = 0.1 and ν = 1. For the same value of ν, surface plot of example 2 without Hopf-Cole transformation is given in Figure 9 . This clearly gives an indication that the velocity distribution is time dependent.
Conclusions
The proposed implicit scheme without Hopf 
